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Abstract
Let (M, 〈,〉) be an n( 2)-dimensional compact Riemannian manifold with boundary and non-negative
Ricci curvature. Consider the following two Stekloff eigenvalue problems
u = 0 in M, ∂u
∂ν
= pu on ∂M;
2u = 0 in M, u = u − q ∂u
∂ν
= 0 on ∂M;
where  is the Laplacian operator on M and ν denotes the outward unit normal on ∂M . The first non-
zero eigenvalues of the above problems will be denoted by p1 and q1, respectively. In the present paper,
we prove that if the principle curvatures of the second fundamental form of ∂M are bounded below by
a positive constant c, then p1 
√
λ1(
√
λ1 +
√
λ1 − (n − 1)c2)/{(n − 1)c} with equality holding if and
only if Ω is isometric to an n-dimensional Euclidean ball of radius 1c , here λ1 denotes the first non-zero
eigenvalue of the Laplacian of ∂M . We also show that if the mean curvature of ∂M is bounded below by
a positive constant c then q1  nc with equality holding if and only if M is isometric to an n-dimensional
Euclidean ball of radius 1c . Finally, we show that q1  A/V and that if the equality holds and if there is
a point x0 ∈ ∂M such that the mean curvature of ∂M at x0 is no less than A/{nV }, then M is isometric to
an n-dimensional Euclidean ball, being A and V the area of ∂M and the volume of M , respectively.
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1. Introduction
Let (M, 〈,〉) be an n-dimensional compact Riemannian manifold with boundary. The Stekloff
problem is to find a solution of the equation
u = 0 in M, ∂u
∂ν
= pu on ∂M; (1.1)
where p is a real number. This problem was first introduced by Stekloff for bounded domains
in the plane in [25]. His motivation came from physics. The function u represents the steady
state temperature on M such that the flux on the boundary is proportional to the temperature.
Problem (1.1) is also important in conductivity and harmonic analysis as it was initially studied
by Calderón (cf. [3]). This connection arises because the set of eigenvalues for the Stekloff prob-
lem is the same as the set of eigenvalues of the well-known Dirichlet–Neumann map. This map
associates to each function u defined on the boundary ∂M , the normal derivative of the harmonic
function on M with boundary data u. Let p1 be the first non-zero eigenvalue of the problem (1.1).
Many interesting results for p1 have been obtained during the past years, especially when M is a
compact domain in an Euclidean space (cf. [1,2,5–8,12–16,18–21]). Here we list a sharp estimate
obtained by Payne [20] which says that if M is a convex plane domain, then
Kmax  p1 Kmin, (1.2)
where Kmax and Kmin are the maximum and minimum of the geodesic curvature of ∂M , respec-
tively. The second inequality in (1.2) has been generalized by Escobar to non-negative curvature
manifolds of dimension 2 (cf. [5]).
The first result in this paper is a sharp upper bound for the first non-zero eigenvalue of the
problem (1.1) for compact manifolds with non-negative Ricci curvature. Namely, we have
Theorem 1.1. Let (M, 〈,〉) be an n-dimensional compact connected Riemannian manifold with
non-negative Ricci curvature and boundary ∂M and let ν the outward unit normal vector field
of ∂M . Assume that the principal curvatures of ∂M are bounded from below by a positive con-
stant c. Denote by λ1 the first non-zero eigenvalue of the Laplacian acting on functions on ∂M .
Then the first non-zero eigenvalue p1 of the following Stekloff eigenvalue problem:
u = 0 in M,
∂u
∂ν
− pu = 0 on ∂M (1.3)
satisfies
p1 
√
λ1
(n − 1)c
(√
λ1 +
√
λ1 − (n − 1)c2
) (1.4)
with equality holding if and only if Ω is isometric to an n-dimensional Euclidean ball of radius 1 .c
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rem 1.1, the first non-zero eigenvalue λ1 of the Laplacian acting on functions on ∂M satisfies
λ1  (n − 1)c2 with equality holding if and only if M is isometric to an Euclidean n-ball of
radius 1
c
. This result has been used to solve partially a conjecture by Schroeder and Strake
(cf. [24,27,28]). In view of this Xia’s estimate, the number on the right-hand side of the inequality
(1.4) is a well-defined positive number.
We consider now a fourth order Stekloff eigenvalue problem on an n-dimensional compact
connected Riemannian manifold (M, 〈,〉) given by
2u = 0 in M,
u = u − q ∂u
∂ν
= 0 on ∂M, (1.5)
where q is a real number. Let q1 be the first non-zero eigenvalue of the problem (1.5). As pointed
by Kuttler [14], q1 is the sharp constant for a priori estimates for the Laplace equation
v = 0 in M, v = g on ∂M, (1.6)
where g ∈ L2(∂M). Indeed, using Fichera’s principle of duality (cf. [9]), for the solution v
of (1.6) one has
q1‖v‖2L2(M)  ‖g‖2L2(∂M) (1.7)
and q1 is the largest possible constant for this inequality.
The boundary condition in (1.5) has an interesting interpretation in theory of elasticity. Con-
sider the model problem
2u = 0 in Ω,
u = u − (1 − σ)κ ∂u
∂ν
= 0 on ∂Ω (1.8)
where Ω ⊂ R2 is an open bounded domain with smooth boundary, σ ∈ (−1,1/2) is the Poisson
ratio and κ is the geodesic curvature of ∂Ω . Problem (1.8) describes the deformation u of the lin-
ear elastic supported plate Ω under the action of the transversal exterior force f = f (x), x ∈ Ω .
The Poisson ratio σ of an elastic material is the negative transverse strain divided by the axial
strain in the direction of the stretching force. In other words, this parameter measures the trans-
verse expansion (resp. contraction) if σ > 0 (resp. σ < 0) when the material is compressed by an
external force (cf. [11,17,25,26]). The restriction on the Poisson ratio is due to thermodynamic
considerations of strain energy in the theory of elasticity. As shown in [17], there exist materi-
als for which the Poisson ratio is negative and the limit case σ = −1 corresponds to materials
with an infinite flexural rigidity, see [25, p. 456]. This limit value for σ is strictly related to the
eigenvalue problem (1.5). In view of the important applications, one is interested in finding both
lower and upper bounds for q1. It has been proven by Payne that if Ω ⊂ R2 is a bounded convex
domain with smooth boundary then q1(Ω) 2ρ0 with equality holding if and only if Ω is a disk,
where ρ0 is the minimum geodesic curvature of ∂Ω . This Payne’s theorem has been extended
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following sharp estimate without convexity condition on the boundary for compact manifolds
with boundary.
Theorem 1.2. Let (M, 〈,〉) be an n ( 2)-dimensional compact connected Riemannian manifold
with boundary ∂M and non-negative Ricci curvature. Denote by ν the outward unit normal
vector field of ∂M and assume that the mean curvature of M is bounded below by a positive
constant c. Let q1 be the first eigenvalue of the following Stekloff eigenvalue problem:
2u = 0 in M,
u = u − q ∂u
∂ν
= 0 on ∂M. (1.9)
Then q1  nc with equality holding if and only if M is isometric to a ball of radius 1c in Rn.
Finally, we prove a sharp upper bound for q1.
Theorem 1.3. Let M be an n-dimensional compact connected Riemannian manifold with bound-
ary ∂M and let ν be the outward unit normal vector field of ∂M . Denote by A, V and H the area
of ∂M , the volume of M and the mean curvature of ∂M , respectively. Then the first eigenvalue
q1 of the following Stekloff eigenvalue problem:
2u = 0 in M,
u = u − q ∂u
∂ν
= 0 on ∂M (1.10)
satisfies q1  AV . Moreover, if in addition that the Ricci curvature of M is non-negative and that
there is a point x0 ∈ ∂M such that H(x0) AnV , then q1 = AV implies that M is isometric to an
n-dimensional Euclidean ball.
Remark 1.2. When M is an Euclidean domain, the equality case in Theorem 1.3 has been proved
in [8] without the assumption on the mean curvature thanks to a theorem of Serrin [23]. It is
therefore natural to know if the condition on the mean curvature in the last part of Theorem 1.3
could be removed.
2. Proofs of the results
Before proving our results, let us fix some notations. Let M be n-dimensional compact mani-
fold M with boundary ∂M . We will often write 〈,〉 the Riemannian metric on M as well as that
induced on ∂M . Let ∇ and  be the connection and the Laplacian on M , respectively. Let ν be
the unit outward normal vector of ∂M . The shape operator of ∂M is given by S(X) = ∇Xν and
the second fundamental form of ∂M is defined as II(X,Y ) = 〈S(X),Y 〉, here X,Y ∈ T ∂M . The
eigenvalues of S are called the principal curvatures of ∂M and the mean curvature H of ∂M is
given by H = 1
n−1 trS, here trS denotes the trace of S. We can now state the Reilly’s formula(see [22, p. 46]). For a smooth function f defined on an n-dimensional compact manifold M
Q. Wang, C. Xia / Journal of Functional Analysis 257 (2009) 2635–2644 2639with boundary ∂M , the following identity holds if h = ∂f
∂ν
∣∣
∂M
, z = f |∂M and Ric denotes the
Ricci tensor of M :∫
M
(
(f )2 − ∣∣∇2f ∣∣2 − Ric(∇f,∇f ))=
∫
∂M
((
(n − 1)Hh + 2z)h + II(∇z,∇z)). (2.1)
Here ∇2f is the Hessian of f ;  and ∇ represent the Laplacian and the gradient on ∂M with
respect to the induced metric on ∂M , respectively.
Proof of Theorem 1.1. Let f be the solution of the following Laplace equation{
f = 0 in M,
f |∂M = z,
where z is a first eigenfunction of ∂M corresponding to λ1, that is z+λ1z = 0. Set h = ∂f∂ν
∣∣
∂M
;
then we have from the Rayleigh–Ritz inequality that (cf. [15])
p1 
∫
∂M
h2∫
M
|∇f |2 (2.2)
and
p1 
∫
M
|∇f |2∫
∂M
z2
, (2.3)
which gives
p21 
∫
∂M
h2∫
∂M
z2
. (2.4)
Since the principal curvatures of ∂M are bounded below by c, we have
II(∇z,∇z) c|∇z|2, H  c. (2.5)
It then follows by substituting f into the Reilly’s formula and noticing the non-negativity of the
Ricci curvature of M that
0
∫
M
(
(f )2 − ∣∣∇2f ∣∣2 − Ric(∇f,∇f ))
 (n − 1)c
∫
∂M
h2 − 2λ1
∫
∂M
hz + c
∫
∂M
|∇z|2
= (n − 1)c
∫
∂M
h2 − 2λ1
∫
∂M
hz + cλ1
∫
∂M
z2
 (n − 1)c
∫
h2 − 2λ1
( ∫
h2
) 1
2
( ∫
z2
) 1
2 + cλ1
∫
z2. (2.6)
∂M ∂M ∂M ∂M
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( ∫
∂M
h2
) 1
2

√
λ1
(n − 1)c
(√
λ1 +
√
λ1 − (n − 1)c2
)( ∫
∂M
z2
) 1
2
. (2.7)
Substituting (2.7) into (2.4), one obtains
q1 
√
λ1
(n − 1)c
(√
λ1 +
√
λ1 − (n − 1)c2
)
.
This finishes the proof of the first part of Theorem 1.1. Assume now that
q1 =
√
λ1
(n − 1)c
(√
λ1 +
√
λ1 − (n − 1)c2
)
.
Then we have
( ∫
∂M
h2
) 1
2 =
√
λ1
(n − 1)c
(√
λ1 +
√
λ1 − nc2
)( ∫
∂M
z2
) 1
2
(2.8)
and so the inequalities in (2.6) should take equality sign. We infer therefore
∇2f = 0, (H − c)h = 0 (2.9)
and
h =
√
λ1
(n − 1)c
(√
λ1 +
√
λ1 − (n − 1)c2
)
z. (2.10)
Take a local orthonormal fields {ei}n−1i=1 tangent to ∂M . We infer from (2.9) and (2.10) that
0 =
n−1∑
i=1
∇2f (ei, ei) = ˜z + (n − 1)Hh
= −λ1z + (n − 1)c ·
√
λ1
(n − 1)c
(√
λ1 +
√
λ1 − (n − 1)c2
)
z, (2.11)
which gives λ1 = (n − 1)c2. It then follows from Xia’s result as mentioned in Remark 1.1 that
M is isometric to an n-dimensional Euclidean ball of radius 1
c
. It is easy yo see that for the n-
dimensional Euclidean ball of radius 1
c
, the equality holds in (1.4). This completes the proof of
Theorem 1.1. 
Proof of Theorem 1.2. Let w be an eigenfunction corresponding to the first eigenvalue q1 of
problem (1.8), that is
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w = w − q1 ∂w
∂ν
= 0 on ∂M. (2.12)
Set η = ∂w
∂ν
∣∣
∂M
; then
q1 =
∫
M
(w)2∫
∂M
η2
. (2.13)
Substituting w into Reilly’s formula, we have
∫
M
{
(w)2 − ∣∣∇2w∣∣2}=
∫
M
Ric(∇w,∇w)+
∫
∂M
(n − 1)Hη2
 (n − 1)c
∫
∂M
η2. (2.14)
The Schwarz inequality implies that
∣∣∇2w∣∣2  1
n
(w)2 (2.15)
with equality holding if and only if ∇2w = w
n
〈,〉. Combining (2.13)–(2.15), we have q1  nc.
This completes the proof of the first part of Theorem 1.2. Assume now that q1 = nc. In this case,
the inequalities (2.14) and (2.15) must take equality sign. In particular, we have
∇2w = w
n
〈,〉. (2.16)
Take an orthonormal frame {e1, . . . , en−1, en} on M such that when restricted to ∂M , en = ν.
From 0 = ∇2w(ei, en), i = 1, . . . , n − 1, and w|∂M = 0, we conclude that η = ρ = const and so
w|∂M = q1η = ncρ is also a constant. Since (2.14) takes equality sign and η is constant, we
infer that H ≡ c. Also, we conclude from the fact that w is a harmonic function on M and the
maximum principle that w is constant on M . Suppose without loss of generality that w = 1
and so we have
∇2w = 1
n
〈,〉. (2.17)
It then follows by deriving (2.17) covariantly that ∇3f = 0 and from the Ricci identity,
R(X,Y )∇w = 0, (2.18)
for any X,Y tangent vector to M , where R is the curvature tensor of M . From the maximum
principle w attains its minimum at some point x0 in the interior of M . From (2.17) it follows that
∇w = 1 r ∂ , (2.19)
n ∂r
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w|∂M = 0, we conclude that M is an Euclidean ball whose center is x0, and f is given by
w(x) = 1
n
(|x − x0|2 − b2)
in M , b being the radius of the ball. Since the mean curvature of ∂M is c, the radius of the ball
is 1
c
. The rest of Theorem 1.2 is obvious and this completes the proof of Theorem 1.2. 
Proof of Theorem 1.3. Let f be the solution of the following Laplace equation
{
f = 1 in M,
f |∂M = 0.
It follows from the Rayleigh–Ritz characterization of q1 (cf. [15]) that
q1 
∫
M
(f )2∫
∂M
g2
= V∫
∂M
g2
, (2.20)
where g = ∂f
∂ν
∣∣
∂M
. Integrating f = 1 on M and using the divergence theorem, it gives
V =
∫
∂M
g.
Hence we infer from Schwarz inequality that
V 2 A
∫
∂M
g2. (2.21)
Consequently, we have from (2.20) that q1  AV . Assume now that ∂M has non-negative Ricci
curvature, H(x0)  AnV for some x0 ∈ ∂M and q1 = AV . In this case, the equality must hold in
(2.21) and so g = V
A
is a constant. Consider the function φ on M given by
φ = 1
2
|∇f |2 − f
n
.
Using the Bochner formula, f = 1, the Schwarz inequality and the assumption Ric  0, we
have
φ = ∣∣∇2f ∣∣2 + 〈∇f,∇(f )〉+ Ric(∇f,∇f ) − 1
n
 1
n
(f )2 − 1
n
= 0. (2.22)
Thus φ is subharmonic. Observe that φ = 12 (VA )2 on the boundary. We conclude from the strong
maximum principle and Hopf Lemma (see [10, pp. 34–35]) that either
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2
(
V
A
)2
in M (2.23)
or
∂φ
∂ν
(y) > 0, ∀y ∈ ∂M. (2.24)
From f |∂M = 0, we have
1 = f |∂M = (n − 1)Hg + ∇2f (ν, ν). (2.25)
Hence it holds on ∂M that
∂φ
∂ν
= g∇2f (ν, ν) − g
n
= g(1 − (n − 1)Hg)− g
n
= (n − 1)V
A
(
1
n
− H V
A
)
, (2.26)
which shows that (2.24) is not true since H(x0) AnV . Therefore φ is constant on M . Since its
Laplacian then vanishes, we conclude that equality must hold in (2.22). This and the fact f = 1
imply that
∇2f = 1
n
〈,〉. (2.27)
By using the same arguments as in the final part of the proof of Theorem 1.2, we conclude that
M is isometric to an Euclidean n-ball. This completes the proof of Theorem 1.3. 
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